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LINEARIZATION OF ANALYTIC AND NON{ANALYTIC GERMS
OF DIFFEOMORPHISMS OF (C ; 0)
TIMOTEO CARLETTI, STEFANO MARMI
Abstrat. We study Siegel's enter problem on the linearization of germs of
dieomorphisms in one variable. In addition of the lassial problems of formal
and analyti linearization, we give suÆient onditions for the linearization to
belong to some algebras of ultradierentiable germs losed under omposition
and derivation, inluding Gevrey lasses.
In the analyti ase we give a positive answer to a question of J.-C. Yooz
on the optimality of the estimates obtained by the lassial majorant series
method.
In the ultradierentiable ase we prove that the Brjuno ondition is suf-
ient for the linearization to belong to the same lass of the germ. If one
allows the linearization to be less regular than the germ one nds new arith-
metial onditions, weaker than the Brjuno ondition. We briey disuss the
optimality of our results.
1. introdution
In this paper we study the Siegel enter problem [He℄. Consider two subalgebras
A
1
 A
2
of zC [[z℄℄ losed with respet to the omposition of formal series. For
example zC [[z℄℄, zC fzg (the usual analyti ase) or Gevrey{s lasses, s > 0 (i.e.
series F (z) =
P
n0
f
n
z
n
suh that there exist 
1
; 
2
> 0 suh that jf
n
j  
1

n
2
(n!)
s
for all n  0). Let F 2 A
1
being suh that F
0
(0) =  2 C

. We say that F is
linearizable in A
2
if there exists H 2 A
2
tangent to the identity and suh that
(1.1) F ÆH = H ÆR

where R

(z) = z. When jj 6= 1, the Poinare-Konigs linearization theorem
assures that F is linearizable in A
2
. When jj = 1,  = e
2i!
, the problem is
muh more diÆult, espeially if one looks for neessary and suÆient onditions
on  whih assure that all F 2 A
1
with the same  are linearizable in A
2
. The
only trivial ase is A
2
= zC [[z℄℄ (formal linearization) for whih one only needs to
assume that  is not a root of unity, i.e. ! 2 R n Q.
In the analyti ase A
1
= A
2
= zC fzg let S

denote the spae of analyti germs
F 2 zC fzg analyti and injetive in the unit disk D and suh that DF (0) =  (note
that any F 2 zC fzg tangent to R

may be assumed to belong to S

provided that
the variable z is suitably resaled). Let R(F ) denote the radius of onvergene of
the unique tangent to the identity linearization H assoiated to F . J.-C. Yooz
[Yo℄ proved that the Brjuno ondition (see Appendix A) is neessary and suÆient
for having R(F ) > 0 for all F 2 S

. More preisely Yooz proved the following
Date: September 20, 2004.
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estimate: assume that  = e
2i!
is a Brjuno number. There exists a universal
onstant C > 0 (independent of ) suh that
j logR(!) +B(!)j  C
where R(!) = inf
F2S

R(F ) and B is the Brjuno funtion (A.3). Thus logR(!) 
 B(!)  C.
Brjuno's proof [Br℄ gives an estimate of the form
log r(!)   C
0
B(!)  C
00
where one an hoose C
0
= 2 [He℄. Yooz's proof is based on a geometri renormal-
ization argument and Yooz himself asked whether or not was possible to obtain
C
0
= 1 by diret manipulation of the power series expansion of the linearization H
as in Brjuno's proof ([Yo℄, Remarque 2.7.1, p. 21). Using an arithmetial lemma
due to Davie [Da℄ (Appendix B) we give a positive answer (Theorem 2.1) to Yooz's
question.
We then onsider the more general ultradierentiable ase A
1
 A
2
6= zC fzg.
If one requires A
2
= A
1
, i.e. the linearization H to be as regular as the given
germ F , one again the Brjuno ondition is suÆient. Our methods do not allow
us to onlude that the Brjuno ondition is also neessary, a statement whih is
in general false as we show in setion 2.3 where we exhibit a Gevrey{like lass for
whih the suÆient ondition oinides with the optimal arithmetial ondition for
the assoiated linear problem. Nevertheless it is quite interesting to notie that
given any algebra of formal power series whih is losed under omposition (as it
should if one whishes to study onjugay problems) and derivation a germ in the
algebra is linearizable in the same algebra if the Brjuno ondition is satised.
If the linearization is allowed to be less regular than the given germ (i.e. A
1
is a proper subset of A
2
) one nds a new arithmetial ondition, weaker than the
Brjuno ondition. This ondition is also optimal if the small divisors are replaed
with their absolute values as we show in setion 2.4. We disuss two examples,
inluding Gevrey{s lasses.
1
Aknwoledgements. We are grateful to J.{C. Yooz for a very stimulating dis-
ussion onerning Gevrey lasses and small divisor problems.
2. the Siegel enter problem
Our rst step will be the formal solution of equation (1.1) assuming only that
F 2 zC [[z℄℄. Sine F 2 zC [[z℄℄ is assumed to be tangent to R

then F (z) =
P
n1
f
n
z
n
with f
1
= . Analogously sine H 2 zC [[z℄℄ is tangent to the identity
H(z) =
P
1
n=1
h
n
z
n
with h
1
= 1. If  is not a root of unity equation (1.1) has a
unique solution H 2 zC [[z℄℄ tangent to the identity: the power series oeÆients
satisfy the reurrene relation
(2.1) h
1
= 1 ; h
n
=
1

n
  
n
X
m=2
f
m
X
n
1
+:::+n
m
=n ; n
i
1
h
n
1
: : : h
n
m
:
In [Ca℄ it is shown how to generalize the lassial Lagrange inversion formula to
non{analyti inversion problems on the eld of formal power series so as to obtain
an expliit non{reursive formula for the power series oeÆients of H .
1
We refer the reader interested in small divisors and Gevrey{s lasses to [Lo, GY1, GY2℄.
LINEARIZATION OF GERMS OF DIFFEOMORPHISMS 3
2.1. The analyti ase: a diret proof of Yooz's lower bound. Let S

denote the spae of germs F 2 zC fzg analyti and injetive in the unit disk D =
fz 2 C ; jzj < 1g suh that DF (0) =  and assume that  = e
2i!
with ! 2
R nQ. With the topology of uniform onvergene on ompat subsets of D , S

is a
ompat spae. Let H
F
2 zC [[z℄℄ denote the unique tangent to the identity formal
linearization assoiated to F , i.e. the unique formal solution of (1.1). Its power
series oeÆients are given by (2.1). Let R(F ) denote the radius of onvergene of
H
F
. Following Yooz ([Yo℄, p. 20) we dene
R(!) = inf
F2S

R(F ) :
We will prove the following
Theorem 2.1. Yooz's lower bound.
(2.2) logR(!)   B(!)  C
where C is a universal onstant (independent of !) and B is the Brjuno funtion
(A.3).
Our method of proof of Theorem 2.1 will be to apply an arithmetial lemma due
to Davie (see Appendix B) to estimate the small divisors ontribution to (2.1). This
is atually a variation of the lassial majorant series method as used in [Si, Br℄.
Proof. Let s (z) =
P
n1
s
n
z
n
be the unique solution analyti at z = 0 of the
equation s (z) = z +  (s (z)), where (z) =
z
2
(2 z)
(1 z)
2
=
P
n2
nz
n
. The oeÆients
satisfy
(2.3) s
1
= 1 ; s
n
=
n
X
m=2
m
X
n
1
+:::+n
m
=n ; n
i
1
s
n
1
: : : s
n
m
:
Clearly there exist two positive onstants 
1
; 
2
suh that
(2.4) js
n
j  
1

n
2
:
From the reurrene relation (2.1) and Bieberbah{De Branges's bound jf
n
j  n
for all n  2 we obtain
(2.5) jh
n
j 
1
j
n
  j
n
X
m=2
m
X
n
1
+:::+n
m
=n ; n
i
1
jh
n
1
j : : : jh
n
m
j :
We now dedue by indution on n that jh
n
j  s
n
e
K(n 1)
for n  1, where K
is dened in Appendix B. If we assume this holds for all n
0
< n then the above
inequality gives
(2.6) jh
n
j 
1
j
n
  j
n
X
m=2
m
X
n
1
+:::+n
m
=n ; n
i
1
s
n
1
: : : s
n
m
e
K(n
1
 1)+:::K(n
m
 1)
:
But K(n
1
 1)+ : : :K(n
m
 1)  K(n 2)  K(n 1)+log j
n
 j and we dedue
that
(2.7) jh
n
j  e
K(n 1)
n
X
m=2
m
X
n
1
+:::+n
m
=n ; n
i
1
s
n
1
: : : s
n
m
= s
n
e
K(n 1)
;
as required. Theorem 2.1 then follows from the fat that n
 1
K(n)  B(!)+ 
3
for
some universal onstant 
3
> 0 (Davie's lemma, Appendix B).
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
2.2. The ultradierentiable ase. A lassial result of Borel says that the map
J
R
: C
1
([ 1; 1℄;R) ! R[[x℄℄ whih assoiates to f its Taylor series at 0 is surjetive.
On the other hand, C fzg = lim
 !
r>0
O(D
r
), where D
r
= fz 2 C ; jzj < rg and O(D
r
)
is the C {vetor spae of C {valued funtions analyti in D
r
. Between C [[z℄℄ and
C fzg one has many important algebras of \ultradierentiable" power series (i.e.
asymptoti expansions at z = 0 of funtions whih are \between" C
1
and C fzg).
In this part we will study the ase A
1
or A
2
(or both) is neither zC fzg nor
zC [[z℄℄ but a general ultradierentiable algebra zC [[z℄℄
(M
n
)
dened as follows.
Let (M
n
)
n1
be a sequene of positive real numbers suh that:
0. inf
n1
M
1=n
n
> 0;
1. There exists C
1
> 0 suh that M
n+1
 C
n+1
1
M
n
for all n  1;
2. The sequene (M
n
)
n1
is logarithmially onvex;
3. M
n
M
m
M
m+n 1
for all m;n  1.
Denition 2.2. Let f =
P
n1
f
n
z
n
2 zC [[z℄℄; f belongs to the algebra zC [[z℄℄
(M
n
)
if there exist two positive onstants 
1
; 
2
suh that
(2.8) jf
n
j  
1

n
2
M
n
for all n  1 :
The role of the above assumptions on the sequene (M
n
)
n1
is the following:
0. assures that zC fzg  zC [[z℄℄
(M
n
)
; 1. implies that zC [[z℄℄
(M
n
)
is stable for
derivation. Condition 2. means that logM
n
is onvex, i.e. that the sequene
(M
n+1
=M
n
) is inreasing; it implies that zC [[z℄℄
(M
n
)
n1
is an algebra, i.e. stable
by multipliation. Condition 3. implies that this algebra is losed for omposition: if
f; g 2 zC [[z℄℄
(M
n
)
n1
then f Æg 2 zC [[z℄℄
(M
n
)
n1
. This is a very natural assumption
sine we will study a onjugay problem.
Let s > 0. A very important example of ultradierentiable algebra is given by
the algebra of Gevrey{s series whih is obtained hosing M
n
= (n!)
s
. It is easy
to hek that the assumptions 0.{3. are veried. But also more rapidly growing
sequenes may be onsidered suh as M
n
= n
an
b
with a > 0 and 1 < b < 2.
We then have the following
Theorem 2.3.
1. If F 2 zC [[z℄℄
(M
n
)
and ! is a Brjuno number then also the linearization H
belongs to the same algebra zC [[z℄℄
(M
n
)
.
2. If F 2 zC fzg and ! veries
(2.9) lim sup
n!+1
0

k(n)
X
k=0
log q
k+1
q
k
 
1
n
logM
n
1
A
< +1
where k(n) is dened by the ondition q
k(n)
 n < q
k(n)+1
, then the linearization
H 2 zC [[z℄℄
(M
n
)
.
3. Let F 2 zC [[z℄℄
(N
n
)
, where the sequene (N
n
) veries 0,1,2,3 and is asymptoti-
ally bounded by the sequene (M
n
) (i.e. M
n
 N
n
for all suÆiently large n). If
! veries
(2.10) lim sup
n!+1
0

k(n)
X
k=0
log q
k+1
q
k
 
1
n
log
M
n
N
n
1
A
< +1
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where k(n) is dened by the ondition q
k(n)
 n < q
k(n)+1
, then the linearization
H 2 zC [[z℄℄
(M
n
)
.
Note that onditions (2.9) and (2.10) are generally weaker than the Brjuno on-
dition. For example if given F analyti one only requires the linearization H to be
Gevrey{s then one an allow the denominators q
k
of the ontinued fration expan-
sion of ! to verify q
k+1
= O(e
q
k
) for all 0 <   s whereas an exponential growth
rate of the denominators of the onvergents is learly forbidden from the Brjuno
ondition. If the linearization is required only to belong to the lass zC [[z℄℄
(M
n
)
with M
n
= n
an
b
, with a > 0 and 1 < b < 2, one an even have q
k+1
= O(e
q

k
) for
all  > 0 and 1 <  < b and the series
P
k0
log q
k+1
q
b
k
onverges. This kind of series
have been studied in detail in [MMY℄.
Proof. We only prove (2.10) whih learly implies (2.9) (hoosing N
n
 1) and also
assertion 1. (hoosing M
n
 N
n
).
Sine it is not restritive to assume 
1
 1 and 
2
 1 in jf
n
j  
1

n
2
N
n
one an
immediately hek by indution on n that jh
n
j  
n 1
1

2n 2
2
s
n
N
n
e
K(n 1)
, where s
n
is dened in (2.3). Thus by (2.4) and Davie's lemma one has
1
n
log
jh
n
j
M
n
 
3
+
1
n
log
N
n
M
n
+
k(n)
X
k=0
log q
k+1
q
k
for some suitable onstant 
3
> 0. 
Problem. Are the arithmetial onditions stated in Theorem 2.3 optimal? In
partiular is it true that given any algebra A = zC [[z℄℄
(M
n
)
and F 2 A then H 2 A
if and only if ! is a Brjuno number?
We believe that this problem deserves further investigations and that some sur-
prising results may be found. In the next two setions we will give some preliminary
results.
2.3. A Gevrey{like lass where the linear and non linear problem have
the same suÆient arithemtial ondition. Let C [[z℄℄
s
denote the algebra of
Gevrey{s omplex formal power series, s > 0. If s
0
> s > 0 then zC [[z℄℄
s

zC [[z℄℄
s
0
; let
A
s
=
\
s
0
>s
zC [[z℄℄
s
0
:
Clearly A
s
is an algebra stable w.r.t. derivative and omposition. This algebra an
be equivalently haraterized requiring that given f (z) =
P
n1
f
n
z
n
2 zC [[z℄℄ one
has
(2.11) lim sup
n!1
logjf
n
j
n logn
 s
Consider Euler's derivative (see [Du℄, setion 4)
(2.12) (Æ

f)(z) =
1
X
n=2
(
n
  )f
n
z
n
;
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with  = e
2i!
. It ats linearly on zA
s
and it is a linear automorphism of zA
s
if
and only if
(2.13) lim
k!1
log q
k+1
q
k
log q
k
= 0
where, as usual, (q
k
)
k2N
is the sequene of the denominators of the onvergents of
!. This fat an be easily heked by applying the law of the best approximation
(Lemma A.3, Appendix A) and the haraterization (2.11) to
h(z) = (Æ
 1

f)(z) =
X
n2
f
n

n
  
z
n
:
Note that the arithmetial ondition log q
k+1
= o (q
k
log q
k
) is muh weaker than
Brjuno's ondition.
We now onsider the Siegel problem assoiated to a germ F 2 A
s
. Applying
the third statement of Theorem 2.3 with N
n
= (n!)
s+
and M
n
= (n!)
s+
for any
positive xed  >  > 0 one nds that if the following arithmetial ondition is
satised
(2.14) lim
k!1
1
log q
k
k
X
i=0
log q
i+1
q
i
= 0
then the linearization H
F
also belongs to A
s
.
2
The equivalene of (2.14) and (2.13) is the objet of the following
Lemma 2.4. Let (q
l
)
l0
be the sequene of denominators of the onvergents of
! 2 R n Q. The following statements are all equivalent:
(1) lim
n!1
1
logn
P
k(n)
l=0
log q
l+1
q
l
= 0
(2)
P
k(n)
l=0
log q
l+1
q
l
= o (log q
k
)
(3) log q
k+1
= o (q
k
log q
k
)
Proof. 1. =) 2. is trivial (hoose n = q
k(n)
).
2. =) 3. Writing for short k istead of k (n)
1
log q
k
k
X
l=0
log q
l+1
q
l
=
log q
k+1
q
k
log q
k
+
1
log q
k
k 1
X
l=0
log q
l+1
q
l
=
log q
k+1
q
k
log q
k
+
o (log q
k 1
)
log q
k
Sine lim
k!1
o(log q
k 1
)
log q
k
= 0 we get 3.
2
In Theorem 2.3 we proved that a suÆient ondition with this hoie of M
n
and N
n
is
limsup
n!+1
0

k(n)
X
i=0
log q
i+1
q
i
 
  
n
log (n!)
1
A
 C < +1
whih an be rewritten as
limsup
n!+1
0

k(n)
X
i=0
log q
i+1
q
i
  (  ) log q
k(n)
  C
1
A
= 0
from whih (2.14) is just obtained dividing by log q
k(n)
.
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3. =) 1. First of all note that sine q
k(n)
 n 2. trivially implies 1. Thus it is
enough to show that 3. =)2.
log q
k+1
= o (q
k
log q
k
) means:
8 > 0 9n^ () suh that 8l > n^ ()
log q
l+1
q
l
log q
l
< 
If log q
l+1
< aq

l
for some positive onstants a and  < 1 then:
1
log q
k
k
X
l=0
log q
l+1
q
l

a
log q
k
1
X
l=0
1
q
1 
l

aC
log q
k
for some universal onstant C thanks to (A.2).
If log q
l+1
 aq

l
and
1
2
<  < 1, onsider the deomposition:
(2.15)
1
log q
k
k
X
l=0
log q
l+1
q
l
=
log q
k+1
q
k
log q
k
| {z }
1
+
1
log q
k
n^()
X
l=0
log q
l+1
q
l
| {z }
2
+
1
log q
k
k 1
X
l=n^()+1
log q
l+1
q
l
| {z }
3
if k   1  n^ () + 1 otherwise the seond and the third terms are replaed by
1
log q
k
P
k 1
l=0
log q
l+1
q
l
. The third term an be bounded from above by:
1
log q
k
k 1
X
l=n^()+1
log q
l+1
q
l


log q
k
X
l=n^()
+1
k 1
log q
l
  (k   1  n^ ())
log q
k 1
log q
k
:
Sine log q
j

2
e
q
1
2
j
, from (A.1) and the hypothesis log q
l+1
 aq

l
we obtain:
1
log q
k
k 1
X
l=n^()+1
log q
l+1
q
l
 (k   1)

aq

k 1
2
e
q
1
2
k 1


2
ea
(k   1) e
 (k 2)
(
 
1
2
)
logG
 C
1
with C
1
=
2
ea
e
 1+
(
 
1
2
)
logG
(
 
1
2
)
logG
, G =
p
5+1
2
.
The seond term of (2.15) is bounded by
1
log q
k
n^()
X
l=0
log q
l+1
q
l

C
2
(k   1) logG  log 2
 C
2
if k > k () > n^(), for some positive onstant C
2
.
Putting these estimates together we an bound (2.15) with:
1
log q
k
k
X
l=0
log q
l+1
q
l
 + C
1
+ C
2
for all  > 0 and for all k > k (), thus
P
k
l=0
log
l+1
q
l
= o (log q
k
) 
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2.4. Divergene of the modied linearization power series when the ar-
tihmetial onditions of Theorem 2.3 are not satised. In Theorem 2.3 we
proved that if F 2 zC fzg and ! veries ondition (2.9) then the linearization
H 2 zC [[z℄℄
(M
n
)
. The power series oeÆients h
n
of H are given by (2.1).
Let us dene the sequene of stritly positive real numbers (
~
h
n
)
n0
as follows:
(2.16)
~
h
0
= 1 ;
~
h
n
=
1
j
n
  1j
n+1
X
m=2
jf
m
j
X
n
1
+:::+n
m
=n+1 m;n
i
0
~
h
n
1
: : :
~
h
n
m
:
Clearly jh
n
j 
~
h
n+1
. Let
~
H denote the formal power series assoiated to the
sequene (
~
h
n
)
n0
(2.17)
~
H(z) =
1
X
m=1
~
h
n 1
z
n
Following losely [Yo℄, Appendie 2, in this setion we will prove that if ondition
(2.9) is violated then
~
H doesn't belong to zC [[z℄℄
(M
n
)
.
Note that sine it is not restritive to assume that jf
2
j  1 one has
(2.18)
~
h
n
>
n 1
X
k=0
~
h
k
~
h
n 1 k

~
h
n 1
;
thus the sequene (
~
h
n
)
n0
is stritly inreasing.
Let ! be an irrational number whih violates (2.9) and let U = fq
j
: q
j+1

(q
j
+ 1)
2
g where (q
j
)
j1
are the denominators of the onvergents of x. Sine
inf
n
1
n
logM
n
=  >  1 we have:
k(n)
X
q
j
62U;j=0
log q
j+1
q
j
 
logM
n
n

k(n)
X
q
j
62U;j=0
2 log (q
j
+ 1)
q
j
   = ~ < +1
where k (n) is dened by: q
k(n)
 n < q
k(n)+1
.
On the other hand lim sup
n!1

P
k(n)
j=0
log q
j+1
q
j
 
logM
n
n

= 1 thus
(2.19) lim sup
n!1
0

k(n)
X
q
j
2U :j=0
log q
j+1
q
j
 
logM
n
n
1
A
=1
this implies that U is not empty. From now on the elements of U will be denoted
by: q
0
0
< q
0
1
< : : :.
Let n
i
= b
q
0
i+1
q
0
i
+1
.
Lemma 2.5. The subsequene

~
h
q
0
i

i0
veries:
(2.20)
~
h
q
0
i+1

1
j
q
0
i+1
  1j
~
h
n
i
q
0
i
:
Proof. From the denition (2.16) and the assumption jf
2
j  1 it follows that
~
h
2s 1

jf
2
j
j
2s 1
  1j
~
h
2
s 1

~
h
2
s 1
2
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thus for all i  2 and s  1 one has
(2.21)
~
h
2s 1

~
h
i
s 1
2
:
Choosing s = q
0
i
+ 1, i = n
i
this leads to the desired estimate:
~
h
q
0
i+1

2jf
2
j
j
q
0
i+1
  1j
~
h
q
0
i+1
 1

2jf
2
j
j
q
0
i+1
  1j
~
h
n
i
(q
0
i
+1) 1

~
h
n
i
q
0
i
j
q
0
i+1
  1j
:

By means of the previous lemma we an now prove that lim sup
n!1
1
n
log
~
h
n
M
n
=
+1.
Let 
i
= n
i
q
0
i
q
0
i+1
. Then 1  
i


1 
1
q
0
i
+1

2
, whih assures that
Q
i0

i
= 
for some nite onstant  (depending on !). Then from (2.20) we get:
1
q
0
i+1
log
~
h
q
0
i+1
M
q
0
i+1
 
2
4
i+1
X
j=1
 
log j
q
0
j
  1j
q
0
j
 
1
q
0
i+1
logM
q
0
i+1
3
5
+ 
4
whih diverges as i!1.
Appendix A. ontinued frations and Brjuno's numbers
Here we summarize briey some basi notions on ontinued fration development
and we dene the Brjuno numbers.
For a real number !, we note b! its integer part and f!g = ! b! its frational
part. We dene the Gauss' ontinued fration algorithm:
 a
0
= b! and !
0
= f!g
 for all n  1: a
n
= b
1
!
n 1
 and !
n
= f
1
!
n 1
g
namely the following representation of !:
! = a
0
+ !
0
= a
0
+
1
a
1
+ !
1
= : : :
For short we use the notation ! = [a
0
; a
1
; : : : ; a
n
; : : :℄.
It is well known that to every expression [a
0
; a
1
; : : : ; a
n
; : : :℄ there orresponds
a unique irrational number. Let us dene the sequenes (p
n
)
n2N
and (q
n
)
n2N
as
follows:
q
 2
= 1, q
 1
= 0, q
n
= a
n
q
n 1
+ q
n 2
p
 2
= 0, p
 1
= 1, p
n
= a
n
p
n 1
+ p
n 2
It is easy to show that:
p
n
q
n
= [a
0
; a
1
; : : : ; a
n
℄.
For any given ! 2 R n Q the sequene

p
n
q
n

n2N
satises
(A.1) q
n

 
p
5 + 1
2
!
n 1
; n  1
thus
(A.2)
X
k0
1
q
k

p
5 + 5
2
and
X
k0
log q
k
q
k

1
e
2
5
4
2
3
4
  1
;
and it has the following important properties:
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Lemma A.1. for all n  1 then:
1
q
n
+q
n+1
 jq
n
!   p
n
j <
1
q
n+1
.
Lemma A.2. If for some integer r and s, j !  
r
s
j
1
2s
2
then
r
s
=
p
k
q
k
for some
integer k.
Lemma A.3. The law of best approximation: if 1  q  q
k
, (p; q) 6= (p
n
; q
n
)
and n  1 then jqx   pj > jq
n
x   p
n
j. Moreover if (p; q) 6= (p
n 1
; q
n 1
) then
jqx  pj > jq
n 1
x  p
n 1
j.
For a proof of these standard lemmas we refer to [HW℄.
The growth rate of (q
n
)
n2N
desribes how rapidly ! an be approximated by
rational numbers. For example ! is a diophantine number [Si℄ if and only if there
exist two onstants  > 0 and   1 suh that q
n+1
 q

n
for all n  0.
To every ! 2 R nQ we assoiate, using its onvergents, an arithmetial funtion:
(A.3) B (!) =
X
n0
log q
n+1
q
n
We say that ! is a Brjuno number or that it satises the Brjuno ondition if B (!) <
+1. The Brjuno ondition gives a limitation to the growth rate of (q
n
)
n2N
. It was
originally introdued by A.D.Brjuno [Br℄. The Brjuno ondition is weaker than
the Diophantine ondition: for example if a
n+1
 e
a
n
for some positive onstant
 and for all n  0 then ! = [a
0
; a
1
; : : : ; a
n
; : : :℄ is a Brjuno number but is not a
diophantine number.
Appendix B. Davie's lemma
In this appendix we summarize the result of [Da℄ that we use, in partiular
Lemma B.4. Let ! 2 R nQ and fq
n
g
n2N
the partial denominators of the ontinued
fration for ! in the Gauss' development.
Denition B.1. Let A
k
=
n
n  0 j kn!k 
1
8q
k
o
, E
k
= max (q
k
; q
k+1
=4) and

k
= q
k
=E
k
. Let A

k
be the set of non negative integers j suh that either j 2 A
k
or for some j
1
and j
2
in A
k
, with j
2
  j
1
< E
k
, one has j
1
< j < j
2
and q
k
divides
j   j
1
. For any non negative integer n dene:
l (n) = max

(1 + 
k
)
n
q
k
  2; (m
n

k
+ n)
1
q
k
  1

where m
n
= maxfj j 0  j  n; j 2 A

k
g. We then dene the funtion h
k
(n)
h
k
(n) =
(
m
n
+
k
n
q
k
  1 if m
n
+ q
k
2 A

k
l (n) if m
n
+ q
k
62 A

k
The funtion h
k
(n) has some properties olleted in the following proposition
Proposition B.2. The funtion h
k
(n) veries;
(1)
(1+
k
)n
q
k
  2  h
k
(n) 
(1+
k
)n
q
k
  1 for all n.
(2) If n > 0 and n 2 A

k
then h
k
(n)  h
k
(n  1) + 1.
(3) h
k
(n)  h
k
(n  1) for all n > 0.
(4) h
k
(n+ q
k
)  h
k
(n) + 1 for all n.
Now we set g
k
(n) = max

h
k
(n) ; b
n
q
k


and we state the following proposition
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Proposition B.3. The funtion g
k
is non negative and veries:
(1) g
k
(0) = 0
(2) g
k
(n) 
(1+
k
)n
q
k
for all n
(3) g
k
(n
1
) + g
k
(n
2
)  g
k
(n
1
+ n
2
) for all n
1
and n
2
(4) if n 2 A
k
and n > 0 then g
k
(n)  g
k
(n  1) + 1
The proof of these propositions an be found in [Da℄.
Let k(n) be dened by the ondition q
k(n)
 n < q
k(n)+1
. Note that k is non{
dereasing.
Lemma B.4. Davie's lemma Let
K(n) = n log 2 +
k(n)
X
k=0
g
k
(n) log(2q
k+1
) :
The funtion K (n) veries:
(1) There exists a universal onstant 
3
> 0 suh that
K(n)  n
0

k(n)
X
k=0
log q
k+1
q
k
+ 
3
1
A
;
(2) K(n
1
) +K(n
2
)  K(n
1
+ n
2
) for all n
1
and n
2
;
(3)   log j
n
  1j  K(n) K(n  1).
The proof is a straightforward appliation of Proposition B.3.
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